Abstract: Centrality-dependent double-differential transverse momentum spectra of charged pions and kaons and (anti)protons produced in mid-(pseudo)rapidity interval in 200 GeV gold-gold and deuteron-gold collisions with different centralities at the Relativistic Heavy Ion Collider, as well as in 2.76 TeV lead-lead and 5.02 TeV proton-lead collisions with different centralities at the Large Hadron Collider are analyzed by the blast-wave model with Boltzmann-Gibbs statistics in the framework of Hagedorn model. The model results are in approximate agreement with the experimental data in special transverse momentum ranges measured by the PHENIX and ALICE Collaborations. It is showed that the kinetic freeze-out temperature of emission source and the transverse flow velocity of produced particles increase or do not change obviously with the increases of centrality and energy.
Introduction
The kinetic freeze-out temperature (T 0 or T kin ) of emission source and the transverse flow velocity (β T ) of produced particles are two important quantities at the stage of kinetic freeze-out which is the last stage in high energy particle-particle, particle-nucleus, and nucleus-nucleus collisions. From the initial stage to the last stage, the interacting system undergoes at least the stage of chemical freeze-out which is the medium stage in high energy collisions. It is expected that the freezeout parameters are centrality and energy dependent in different collisions at different energies. In particular, the centrality dependent freeze-out parameters at given energy can be studied in nuclear collisions which contain particle-nucleus and nucleus-nucleus collisions.
As the result of soft excitation process, the transverse momentum (p T ) spectra of charged particles in low p T region contain information of T 0 and β T . The p T spectra of soft process reflect the joint result of thermal motion of produced particles and collective expansion of emission source which are described by T 0 and β T respectively. That is, in low p T spectra, the contributions of thermal motion and collective expansion are needed to separate in order to extract T 0 and β T . There are more than one methods to extract T 0 and β T . These methods include the blast-wave model with Boltzmann-Gibbs [1] [2] [3] or Tsallis statistics [4] , the alternative method using the Boltzmann [2, [5] [6] [7] [8] [9] [10] [11] or Tsallis distribution [12, 13] , etc. From the similarity to the ideal gas model in thermodynamics, the methods used the Boltzmann-Gibbs statistics and Boltzmann distribution are our favorite.
We may select the methods used the BoltzmannGibbs statistics and Boltzmann distribution to describe the spectra in low p T region. However, these methods are not suitable for the spectra in high p T region which needs the description of other methods such as the Hagedorn function [14, 15] due to the contribution of hard scattering process. As a probability density function, the Hagedorn function can contribute in both the low and high p T regions. That is, except for the disengaging of T 0 and β T in the extraction process, we should exclude the contribution of the hard process in low p T region. In the case of including the hard process in low p T region, we shall obtain higher T 0 and/or β T comparing with normal values. In fact, in the Hagedorn model [14] , the hard process is not excluded in low p T region. Because of the relative fraction of the hard process in low p T region is small, the departure caused by including the hard process can be neglected.
In the present work, in the framework of Hagedorn model [14] , the centrality-dependent double-differential transverse momentum spectra of charged pions produced in high energy nuclear collisions will be analyzed by the blast-wave model with Boltzmann-Gibbs statis-1 tics. The model results are compared with the data measured by the PHENIX Collaboration at the Relativistic Heavy Ion Collider (RHIC) in mid-rapidity interval in 200 GeV gold-gold (Au-Au) and deuteron-gold (d-Au) collisions with different centralities [16, 17] , and by the ALICE Collaboration at the Large Hadron Collider (LHC) in mid-rapidity interval in 2.76 TeV leadlead (Pb-Pb) and 5.02 TeV proton-lead (p-Pb) collisions with different centralities [18, 19] .
The remainder of this paper is structured as follows. The method and formalism are shortly described in Section 2. Results and discussion are given in Section 3. In Section 4, we summarize our main observations and conclusions
The method and formalism
The p T spectra of charged particles produced in high energy collisions have complex structures. To describe the p T spectra, it is not enough to use only one probability density function, though this function can be various forms. In particular, the maximum p T reaches 100 GeV/c in collisions at the LHC [20] . A several p T regions are observed by model analysis [21] . These p T regions include the first region with p T < 4-6 GeV/c, the second region with 4-6 GeV/c < p T < 17-20 GeV/c, and the third region with p T > 17-20 GeV/c. At the RHIC, the boundaries of different p T regions are slightly lower. It is expected that different p T regions correspond to different interacting mechanisms. Even for the same p T region, different explanations are subsistent due to different model methods and microcosmic pictures.
According to ref. [21] , different p T regions reflect different whole features of fragmentation and hadronization of partons through the string dynamics. In the first p T region, the effects and changes by the medium take part in the main role. In the second p T region, the effects and changes by the medium start to appear weakly. While in the third p T region, the nuclear transparency results in negligible influence of the medium. From the point of view of the number of strings, the second p T region is expected to have the maximum number of strings, which results in fusion and creation of strings and collective behavior of partons. Through string fusion, the second p T region is proposed as a possible area of Quark-Gluon Plasma (QGP). While, through direct hadronization of low energy strings, the first p T region has the minimum number of strings and maximum number of hadrons.
As can be seen in the following paragraphs, although our explanation is somehow different from that in ref. [21] , the idea of multiple p T regions is used by us. We regard the first p T region as the contribution region of soft excitation process. The second and third p T regions are regarded as the contribution regions of hard and veryhard (VH) scattering processes respectively. Considering the contribution region (p T < 0.2-0.3 GeV/c) of very-soft (VS) excitation process due to resonant production of charged pions in some cases, we have one more p T region. The four p T regions can be described by different components in a unified superposition. To structure the unified superposition, we have two methods. The first method is the common one in which the contribution regions of different components have overlapping. The second method is the Hagedorn's model [14] in which the contribution regions of different components have no overlapping.
Let f 1 (p T ) and f 2 (p T ) denote the probability density functions contributed by the soft and hard components respectively, and f V S (p T ) and f V H (p T ) denote the probability density functions contributed by the very-soft and very-hard components respectively, where f V S (p T ) and f V H (p T ) are assumed to have the same forms as f 1 (p T ) and f 2 (p T ) with smaller and larger parameters respectively. Then, according to the first method, we can structure the unified superposition to be
where k V S , k V H , and k denote the contribution fractions of the very-soft, very-hard, and soft components respectively. According to the Hagedorn's model [14] , we can use the usual step function to structure the unified superposition. That is
where A V S , A 1 , A 2 , and A V H are constants which result in the two contiguous components to be equal to each other at p T = p V S , p 1 , and p V H respectively. In particular, p 1 and p V H correspond to 4-6 GeV/c and 17-20 GeV/c in ref. [21] respectively, though the concrete values may be different from there. Meanwhile, the concrete values are possibly centrality and energy dependent.
In most cases, the contributions of very-soft and very-hard components can be neglected. Thus, Eqs. (1) and (2) are simplified to
and
respectively. The two simplified functions are the same as our recent work [22] which studies the possible scenarios for single, double, or multiple kinetic freeze-out in high energy collisions, though p T spectra of different types of particles produced in central and peripheral nuclear collisions and proton-proton collisions are analyzed. As for f 1 (p T ) and f 2 (p T ), there are various functions to be chosen. The potential functions include, but are not limited to, the blast-wave model with Boltzmann-Gibbs statistics [1] [2] [3] and the Hagedorn function [14, 15] . According to refs. [1] [2] [3] , the blast-wave model with Boltzmann-Gibbs statistics results in the p T distribution to be
where C is the normalized constant,
is the transverse mass, m 0 is the rest mass of the considered particle, r and R are the radial position and the maximum radial position in the thermal source, I 0 and K 1 are the modified Bessel functions of the first and second kinds respectively. In the modified Bessel functions,
is a self-similar flow profile, β S is the flow velocity on the surface, n 0 = 2 as used in ref. [1] . In particular, [14, 15] is known as an inverse power-law [23] [24] [25] ,
where p 0 and n are free parameters and A is the normalization constant. In literature [26] , [27] [28] [29] [30] [31] , and [32] the Hagedorn function are revised to
respectively, where the three A, three p 0 , and three n are severally different from each other.
In the first method, the contribution of hard component in low p T region can be neglected due to its small value. Then, the first method degenerates to the second one which is the result of Hagedorn model [14] . In fact, the hard component has no contribution to T 0 and β T . We can give up the second component in Eqs. (3) and (4) if we analyze the spectra in low p T region to extract only T 0 and β T . In the present work, the blast-wave model with Boltzmann-Gibbs statistics [Eq. (5)] in the framework of Hagedorn model [Eq. (4)] is used in low p T region (0-4.5 GeV/c or lower). In fact, the contribution of hard component is not excluded in the extraction of T 0 and β T . This treatment causes a slight increase in T 0 and/or β T in which the relative increase is neglected by us due to its small value (< 5%).
3 Results and discussion
GeV at the RHIC, where N and y denote particle number and rapidity respectively. The symbols represent the experimental data measured by the PHENIX Collaboration [16, 17] . The spectra in Au-Au collisions in centralities 0-5%, 5-10%, 10-15%, 15-20%, and 20-30% are multiplied by 20, 10, 5, 2.5, and 1.5, respectively, and those in other centralities are not rescaled [16] . The spectra in d-Au collisions in centralities 0-20%, 20-40%, 40-60%, and 60-88% are multiplied by 10 −2 , 10 −3 , 10 −5 , and 10 −6 , respectively [17] . The curves are our fitted results by using the blast-wave model with Boltzmann-Gibbs statistics. Following each panel, the results of data/fit are presented to monitor the departure of the fit from the data. In each fitting, the method of least squares is used in a special p T range beyond which the model does not work. The values of free parameters (T 0 and β T ), normalization constant (N 0 ), χ 2 , and degree of freedom (dof) are listed in Table 1 , where the concrete centralities are listed together. One can see that the model results describe approximately the PHENIX data in special p T ranges in high energy nuclear collisions at the RHIC. The special p T range is 0 ∼ 2-3 GeV/c in peripheral collisions and more than 0 ∼ 4.5 GeV/c in central collisions. The special p T range for strange particle is narrower than that for nonstrange particle. 2 N/dp T dy of π − (upper), K − (middle), andp (lower) produced in |η| < 0.35 in Au-Au (left) and d-Au (right) collisions at √ s N N = 200 GeV. The symbols represent the experimental data measured by the PHENIX Collaboration [16, 17] and the curves are our fitted results by using the blast-wave model with Boltzmann-Gibbs statistics. In Au-Au collisions (left), the spectra in centralities 0-5%, 5-10%, 10-15%, 15-20%, and 20-30% are multiplied by 20, 10, 5, 2.5, and 1.5, respectively, and those in other centralities are not re-scaled [16] . In d-Au collisions (right), the spectra in centralities 0-20%, 20-40%, 40-60%, and 60-88% are multiplied by 10 −2 , 10 −3 , 10 −5 , and 10 −6 , respectively [17] . Following each panel, the results of data/fit are presented to monitor the departure of the fit from the data. Table 1 . Values of T0, βT , N0, χ 2 , and dof corresponding to the curves in Fig. 1 , where χ 2 is obtained due to available data in each centrality interval in which some available data are beyond the special pT range.
Figure
Particle [18, 19] , where the spectra in Pb-Pb (or p-Pb) collisions are scaled by factors 2 n , where n changes from 9 (or 6) to 0 when the centrality changes from 0-5% to 80-90% (or 80-100%). 
, andp (or p +p) (lower) produced in midrapidity interval |y| < 0.5 (or 0 < y < 0.5) in 2.76 TeV Pb-Pb (left) [or 5.02 TeV p-Pb (right)] collisions. The symbols represent the experimental data measured by the ALICE Collaboration [18, 19] , where the spectra in Pb-Pb (or p-Pb) collisions are scaled by factors 2 n , where n changes from 9 (or 6) to 0 when the centrality changes from 0-5% to 80-90% (or 80-100%). The related parameters are listed in Table 2 , where the concrete centralities are listed together. One can see that the model results describe approximately the ALICE data in special p T ranges in high energy nuclear collisions at the LHC. The special p T range increases from 0 ∼ 2-3 GeV/c to more than 0 ∼ 4.5 GeV/c when the centrality increases from periphery to center. The special p T range for strange particle is narrower than that for non-strange particle. The dependence of the special p T range on energy is not obvious.
To study the dependences of T 0 and β T on the centrality, Figures 3 and 4 show the correlations between T 0 and C as well as T 0 and C respectively, where C denotes the centrality percentage which has opposite incremental tendency comparing with the centrality itself. Different symbols represent different parameter values listed in Tables 1 and 2 . One can see that, with the increase of centrality, T 0 increases obviously or slightly, or does not change almost; and β T increase slightly or does not change almost. In most cases, T 0 and β T at the RHIC are slightly larger than or nearly equal to those at the LHC. In a word, T 0 and β T do not decrease with the increases of centrality and energy.
The reason that T 0 and β T do not decrease with the increases of centrality and energy render that the violent degrees of thermal excitation and collective behavior at the stage of kinetic freeze-out in interacting system do not decrease with increases of centrality and energy. This results in faster or the same thermal motion and collective expansion which are reflected by T 0 and β T respectively. In addition, in peripheral collisions, a larger fraction in high p T region is observed due to larger cascade scattering happening in spectator nucleons, which results in the departure of statistical law from the thermal model in high p T region, which results in the appearance of special p T range beyond which the thermal model does not work.
Although the thermal model does not work in the region beyond the special p T range, the Hagedorn function [14, 15] , that is the inverse power-law [23] [24] [25] which is based on the quantum chromodynamics (QCD) calculus, can be used to describe the spectra beyond the special p T range. Because of the focus of the present work being the study of centrality dependence of T 0 and β T , we give up to describe the spectra beyond the special p T range by using the Hagedorn function [14, 15] . Based on different pictures in physics, we can use different methods to describe the same p T spectra. Different methods are expected to show similar or reconcilable results.
In fact, we have another method to describe the spectra beyond the special p T range. That is, a twocomponent thermal model in which the first component describes the spectra in the special p T range and the second one describes the spectra beyond the special p T range. Because of the fraction beyond the special p T range being small, the two-component thermal model causes a small increase in T 0 and/or β T . Because of the increase in T 0 and/or β T being small in the twocomponent thermal model, we neglect the contribution of the second component in the extractions of T 0 and β T , though the application of the two-component thermal model is expected to be out of question.
Our observation that β T increases or does not change obviously with the increases of centrality and energy is in agrement with most literature [1] [2] [3] [4] , though concrete values are different from each other. Our observation that T 0 increases or does not change obviously with the increases of centrality and energy is inconsistent with some literature [1] [2] [3] and in agreement with other literature [4, 16, [33] [34] [35] [36] . In particular, ref. [37] shows that T 0 extracted from pion spectra in central collisions is smaller than that in peripheral collisions, and that extracted from kaon or proton spectra does not depend on the centrality. Our observation is partly in agreement with ref. [37] .
If higher T 0 in central collisions and at the LHC signifies higher excitation degree of interacting system, lower T 0 in central collisions and at the LHC signifies longer lifetime of hot and dense matter in the case of considering higher excitation degree. Based on different pictures and functions, the values and tendency of T 0 (β T ) extracted from the same p T spectra are possibly different from each other. In our opinion, the pictures and functions used the Boltzmann-Gibbs (Fermi-Dirac or Bose-Einstein) statistics and standard distribution have more potentials to be the unified 'thermometer" and/or "speedometer" due to they are the most similar to the ideal gas model in thermodynamics.
Conclusions
In summary, the centrality-dependent doubledifferential transverse momentum spectra of charged pions and kaons and (anti)protons produced in mid- Tables 1 and 2 . There are special transverse momentum ranges in some transverse momentum spectra. The special transverse momentum range increases from 0 ∼ 2-3 GeV/c to more than 0 ∼ 4.5 GeV/c when the centrality increases from periphery to center. The special transverse momentum range for strange particle is narrower than that for non-strange particle. The dependence of the special transverse momentum range on energy is not obvious. The special transverse momentum ranges appear due to different production processes of particles in participant and spectator nucleons.
The kinetic freeze-out temperature and the transverse flow velocity increase or do not change obviously with the increases of centrality and energy. These results result in faster or the same thermal motion and collective expansion in central collisions and at the LHC. Comparing with central collisions, a larger fraction in high transverse momentum region is observed in peripheral collisions due to larger cascade scattering happening in spectator nucleons. The thermal model does not describe the spectra in high transverse momentum region, though the two-component thermal model is expected to describe them.
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